Abstract. Let p be an odd prime. The bar partitions with sign and p-bar-core partitions with sign respectively label the spin characters and p-defect zero spin characters of the double cover of the symmetric group, and by restriction, those of the alternating group. The generating functions for these objects have been determined by J. Olsson. We study these functions from an arithmetic perspective, using classical analytic tools and elementary generating function manipulation to obtain many Ramanujan-like congruences.
Introduction
A partition of n is a non-increasing sequence of positive integers that sum to n. Euler determined the generating function for p(n), the number of partitions of n:
The partitions of n label the irreducible characters of the symmetric group S(n). The characters of the alternating group A(n) are then labeled by restriction from S(n). In particular, p(n) gives the dimension of the character table of S(n).
Srinivasa Ramanujan was the first to notice several remarkable arithmetic properties of the partition function. Theorem 1.1. For all n ≥ 0, p(5n + 4) = 0 (mod 5), p(7n + 5) = 0 (mod 7), p(11n + 6) = 0 (mod 11).
A t-core partition of n is a partition in which no hook of size t appears in its Young diagram. When t is prime, the t-cores label the t-defect zero blocks of S n . In 1990, F. Garvan, D. Kim, and D. Stanton [GKS90] provided a beautiful proof of Theorem 1.1 using core partitions. The generating function for t-core partitions has itself become a rich topic of study. For example, work by F. Garvan [Ga93] , M. Hirschhorn and J. Sellers [HS99] , [HS96] , L. Kolitsch and J. Sellers [KS99] and N. Baruah and B. Berndt [BB07] , has produced a multitude of Ramanujan-type congruences for t-core partitions.
We now consider partitions with distinct parts. For any such partition λ, shift the ith row of its Young diagram i positions to the right. In this shifted diagram S(λ) we associate a bar with a certain bar-length to each position. Then we can consider diagrams in which no bar of length t occurs. Partitions of this type will be called t-bar-core (ort-core) partitions. A. O. Morris [Mo62] proved that forŜ(n), the double cover of S(n), bar partitions with sign label the spin characters ofŜ(n) and, when p odd, thatp-core partitions with sign label the p-defect zero spin characters ofŜ(n). Almost three decades later J. Humpreys [Hu86] and M. Cabanes [Ca88] , independently, proved a conjecture of Morris on the p-block distribution of characters ofŜ(n). Spin characters and p-defect zero spin characters ofÂ(n), the double cover of A(n), are then obtained by restriction fromŜ(n), using an application of Clifford theory.
Recent analysis of spin characters ofŜ(n) andÂ(n) has focused on their dimensionality (see [BeOl02] , [KlTi13] ). Here however we study congruences of generating functions for spin characters, p-defect zero spin characters ofŜ(n) andÂ(n), andt-cores. The functions for these are known, due to the work of J. Olsson. In section 2, we introduce the basics: partitions and bar-partitions, bar-core partitions, character theory, generating functions, and some identities. In section 3, we find a characterization of the number of spin characters ofŜ(n) andÂ(n) modulo 2 and 3. We then use this to obtain infinitely many Ramanujan-like congruences modulo 2 and 3. In section 4, we prove a number of parity results for the number ofp-cores of n, as well as Ramanujan-like congruences for p-defect zero spin characters ofŜ(n) andÂ(n).
Preliminaries
2.1. Partitions and bar partitions. Let λ be a partition of n into k parts. We form [λ], the Young diagram of λ, by stacking left-aligned rows of boxes, with the rth row having a r boxes, as 1 ≤ k. The jth box in the ith row will be in (i, j)-position. The hook h ij associated to a box in (i, j)-position will be the union of the set of boxes in the ith row and to left of (i, j), those in the jth column and below (i, j), and the box (i, j) itself. The length of h ij will be the total number of boxes in the set. A t-core partition λ is one in which no hooks of size t appear in [λ] .
We say λ is a bar partition of n if λ = (a 1 , · · · , a k ) and a 1 > a 2 > · · · > a k ; that is, a partition with distinct parts. The set of bar partitions of n is denotedP (n) and |P (n)| = q(n). Let S(λ) be the shifted Young diagram of λ. It is obtained from the usual Young diagram by shifting the i-th row (i − 1) positions to the right.
As above, the jth box in the ith row will be in (i, j)-position. We denote the (i, j)-bar length ash ij (λ). To each node (i, j) in S(λ) we associate a bar length as follows: the bar lengths in the i-th row are obtained by writing the following sets in decreasing order: 2.3. Character theory. The irreducible characters of S(n) are labeled by the partitions of n. Let p be a prime. Then the p-core partitions of n, that is, those in which no hook of size p appear, label the p-defect zero blocks of the symmetric group S(n).
In 1911, Schur proved that the symmetric groups S(n) have covering groupsŜ(n) of order 2n!. Thus there is a non-split exact sequence
where z is a central subgroup of order 2 inŜ(n).
The irreducible characters ofŜ(n) which have z in their kernel will be referred to as ordinary characters ofŜ(n). They are the complex irreducible characters of S(n) Ŝ (n)/ z labeled by the partitions of n. The other irreducible characters ofŜ(n) are called spin characters, labeled canonically by the bar partitions of n. The set of bar partitions is divided intô
where l(λ) is the length of λ. Then each λ ∈P + (n) labels a self-associate spin character of λ ofŜ n and each λ ∈P − (n) labels a pair of non-self-associate irreducible spin characters λ and λ .
Example 2.2. ConsiderŜ 7 . Then there are six non-associate irreducible spin characters λ i , λ i for 1 ≤ i ≤ 3 where λ 1 = (6, 1), λ 2 = (5, 2), λ 3 = (4, 3). There are two selfassociate irreducible spin characters λ 4 and λ 5 where λ 4 = (7) and λ 5 = (4, 2, 1).
Let A(n) be the alternating group on n letters. Since the index [S(n) : A(n)] = 2, an application of Clifford theory yields the following: two irreducible characters of S(n) labeled by conjugate partitions restrict to the same irreducible character of A(n); those labeled by self-conjugate partitions split into two distinct irreducible characters of A(n). A similar restriction applies to the p-defect zero blocks of A(n).
From a similar application of Clifford theory, we obtain the character theory ofÂ(n) fromŜ(n) by restriction; that is a pair of non-self-associate spin characters ofŜ(n) restrict to one ofÂ(n) while a self-associate character ofŜ(n) splits to two conjugate irreducible representations ofÂ(n). This duality leads to the similar generating functions seen in Sections 2.4 and 2.5, and pairs of results in Sections 3.1 and 3.2; and 4.2 and 4.3.
When λ ∈P(n) thenf λ denotes the degree of the spin character(s) labelled by λ.
Then, by the definition ofĤ(λ)f
When p is an odd prime, we calculated p (λ) the p-defect of a spin character labeled by λ, using the following formula:d
where ν p is the p-adic valuation. In particular, the p-defect zero spin characters ofŜ(n) are labeled precisely byp-core partitions of n. To enumerate them we consider the number of p-core partitions of n inP + (n) plus twice the number ofp-core partitions inP − (n). We will use this in the next section.
Generating functions forŜ(n).
Throughout the remainder of this paper, we will use a notation for infinite products which is commonly known as the Pochhammer symbol. This symbol is defined as follows:
This notation is commonly used by members of the q-series community and allows for generating functions to be written in a compact form.
The following propositions appear as equations 9.1, 9.5, 9.9(iii), 9.9(v) and 9.10 in Olsson [Ol93] (see also [MO90] , [Ol87] , and [Ol90] ).
Proposition 2.3. The generating function for the number of irreducible characters of S(n) is P (q) = 1 (q; q) ∞ .
(As noted above, this is simply the generating function for p(n), the number of integer partitions of n.)
Proposition 2.4. Let fŜ(n) be the number of irreducible spin characters ofŜ(n). Then the generating function for fŜ(n) is
Proposition 2.5. Let fp(n) be the number ofp-core partitions of n. Then the generating function for fp(n) is
Proposition 2.6. Let f + p (n) and f − p (n) be the number ofp-core partitions of n with positive and negative sign, respectively. Then the generating function for f
(n) be the number of p-defect zero spin characters ofŜ(n). Then the generating function for f
2.5. Generating functions forÂ(n). The following propositions appear as equations 9.11 and 9.12 in Olsson [Ol93] .
Proposition 2.8. Let fÂ(n) be the number of irreducible spin characters ofÂ(n). Then the generating function for fÂ(n) is
Proposition 2.9. Let f 0 A,p (n) be the number of p-defect zero spin characters ofÂ(n). Then the generating function for f
2.6. Generating Function Manipulation Tools. In order to prove the arithmetic properties which will be outlined below, we will utilize a few classical product-to-sum results. We highlight those results here.
Lemma 2.10. (Jacobi's Triple Product Identity) For z = 0 and | q | < 1,
Proof. See [Andr76, Theorem 2.8].
An extremely important corollary of Lemma 2.10 is commonly known as Euler's Pentagonal Number Theorem and is worth highlighting here. (1 − q n ).
Lemma 2.12. (The Quintuple Product Identity) For t = 0,
Proof. 3. Congruences for spin characters 3.1. Spin characters ofŜ n . We now consider arithmetic properties of the function fŜ(n).
Elementary generating function manipulation techniques, outlined below, allow us to prove congruences modulo both 2 and 3. We begin by characterizing fŜ(n) modulo 2 based solely on n.
Theorem 3.1. For all n ≥ 1,
where R(n) is the number of ways to represent n as
where m is an integer and k is a nonnegative integer.
Proof. We begin with the generating function result from Proposition 2.4. Note that
(mod 2).
by Euler's Pentagonal Number Theorem
The result follows by comparing the coefficient of q n on both sides of this congruence.
Example 3.2. Let n=7. Then only (2, 0) and (−2, 1) satisfy the definition of R(7). By Example 2.2, |P + (n)| = 2 and |P − (n)| = 2. Since each element of P − (n) labels two nonself-associate spin characters ofŜ(7), we have fŜ(7) = 6. Hence fŜ(7) ≡ |R(7)| ≡ 0 (mod 2).
Theorem 3.1 can be used to write down infinitely many Ramanujan-like congruences modulo 2 (similar to the congruences mentioned above in Theorem 1.1).
Corollary 3.3. Let p be a prime congruent to 5 or 11 modulo 24, and let r be an integer satisfying 1 ≤ r ≤ p − 1. Then, for all n ≥ 0,
Proof. Note that p 2 n + pr + 
Since p is a prime congruent to 5 or 11 modulo 24, we know that Therefore, by Theorem 3.1, the result follows.
Thus, for example, Corollary 3.3 yields the following when p = 5 :
fŜ(25n + 6) ≡ 0 (mod 2), fŜ(25n + 11) ≡ 0 (mod 2), fŜ(25n + 16) ≡ 0 (mod 2), and fŜ(25n + 21) ≡ 0 (mod 2).
We note that a very similar argument to the one used above was recently used by Chen, Hirschhorn, and Sellers [CHS15, Corollary 4.6].
We next turn our attention to a consideration of fŜ(n) modulo 3 and a characterization based solely on n.
Theorem 3.4. For all n ≥ 1,
, k ≡ 1, 2 (mod 4), 0 (mod 3) otherwise.
Proof. As in the proof of Theorem 3.1, we begin with the generating function result from Proposition 2.4. Note that
We now wish to rewrite this last product as a sum, and in order to do so we utilize the Quintuple Product Identity from Lemma 2.12. Performing the substitutions s = −q and t = −1 in Lemma 2.12, the product side becomes
Note that this was the product we obtained above which is congruent, modulo 3, to the generating function for 2fŜ(n). Thus, we now know that the generating function for 2fŜ(n) is congruent modulo 3 to the sum side obtained from the Quintuple Product Identity when we make the substitutions s = −q and t = −1. In this case, the sum side becomes
The result now follows by comparing the coefficients of like powers of q in the above work and doing a bit of analysis on the function (−1) (3n 2 +7n)/2 .
Theorem 3.4 provides a powerful tool for proving infinitely many Ramanujan-like congruences modulo 3 which are satisfied by fŜ(n).
Corollary 3.5. Let p ≥ 5 be prime and choose r, 1 ≤ r ≤ p − 1, such that 24r + 1 is a quadratic nonresidue modulo p. Then, for all n ≥ 0, fŜ(pn + r) ≡ 0 (mod 3).
Proof. Given a prime p and a value of r as described in the corollary, we must ask whether pn + r can be represented as a pentagonal number k(3k + 1)/2 for some k. Note that pn + r = k(3k + 1) 2 ⇐⇒ 24(pn + r) + 1 = 36k 2 + 12k + 1 ⇐⇒ 24pn + 24r + 1 = (6k + 1) 2 .
Modulo p, this means 24r + 1 must be equivalent to a square. But this cannot be since r was chosen such that 24r + 1 is a quadratic nonresidue modulo p. Thus, pn + r cannot be represented as k(3k + 1)/2 for some k. Therefore, by Theorem 3.4, fŜ(pn + r) ≡ 0 (mod 3).
We note that, for each prime p ≥ 5, the above corollary provides (p − 1)/2 different Ramanujan-like congruences modulo 3 which are satisfied by fŜ.
Spin characters ofÂ(n).
The duality between the generating functions in Propositions 2.4 and 2.8 results in a characterization of fÂ(n) modulo 2 which is almost identical to that of fŜ(n).
Theorem 3.6. For all n ≥ 1,
where m is an integer and k is a positive integer.
Remark 3.7. It is important to highlight that, while this result looks extremely similar to Theorem 3.1, there is a subtle difference. In Theorem 3.1, k = 0 is allowed while in Theorem 3.6, k is required to be positive.
Proof. The proof of this result is almost identical to that of Theorem 3.1 and is, therefore, omitted here.
As with Theorem 3.1, we can write down an infinite family of Ramanujan-like congruences modulo 2 satisfied by fÂ. Such a corollary looks almost identical to Corollary 3.3.
Corollary 3.8. Let p be a prime congruent to 5 or 11 modulo 24, and let r be an integer satisfying 1 ≤ r ≤ p − 1. Then, for all n ≥ 0,
We can also easily write down an analogue of Theorem 3.4 for the function fÂ(n).
Theorem 3.9. For all n ≥ 1,
Proof. As noted in Proposition 2.8, the generating function for fÂ(n) is given by
Thus, 24r + 1 ≡ (6m + 1) 2 (mod p). However, r has been chosen such that 24r + 1 is a quadratic nonresidue modulo p, so we know that it cannot be congruent to a square modulo p. Therefore, pn + r cannot be written as m(3m + 1)/2 for any integer m, and this means that fp(pn + r) ≡ 0 (mod 2) based on the generating function manipulations above.
The following example illustrates Theorem 4.1.
Example 4.2. Let p = 7, n = 4, and r = 3. Then pn + r = 31 is quadratic nonresidue mod 7. Let F7(31) be the set of7-cores of 31 so that |F7(31)| = f7(31). Since F7(31) = {(16, 9, 5, 2), (12, 10, 5, 3, 1), (17, 10, 3, 1), (16, 9, 3, 2, 1 )}, we have f7(31) ≡ 0 (mod 2). See Figures 2,3,4 and 5 for the corresponding 7-abaci arrangements.
We note that our results in this section are slightly strengthened by a theorem of I. Kiming [Ki97] , that is, fp(n) > 0 for n ∈ N when p ≥ 7 is an odd prime.
4.2. p-defect-zero spin characters ofŜ n . Using Proposition 2.7, we can now prove that f 0 S,p satisfies infinitely many congruences modulo 3. Proof. Thanks to Proposition 2.7 as well as the work completed by Olsson [Ol93] just prior to his Proposition 9.10, we know the following: Proof. The result follows from Corollary 3.10 and Theorem 4.6.
Closing Thoughts
It is intriguing to see that so many of the enumerating functions considered above satisfy infinitely many Ramanujan-like congruences modulo 2 and 3. And while the proofs given above are satisfying (given their reliance on elementary generating function manipulations and classical product-to-sum results), it may prove profitable to prove these results from a combinatorial perspective. Such combinatorial proofs can often provide additional insights into the arithmetic behavior of such functions.
